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EINSTEIN METRICS

L. ZHIYONG GAO

1. Introduction

One of the natural classes of Riemannian metrics on an n-manifold is
Einstein metrics. Berger and Ebin [4] were the first people to study the
moduli space of Einstein metrics on an Einstein manifold. They showed
that the moduli space of Einstein metrics is finite dimensional. This leads
to the natural question whether the moduli space is compact. Einstein
metrics have been studied by many mathematicians; there is an excellent
book on Einstein manifolds [6].

One of the main accomplishments of this paper is that we found a
compactness property of moduli spaces of four-dimensional Einstein man-
ifolds. To explain this, let us start with a 4-manifold M, which has an
Einstein metric. We consider the moduli space of all Einstein metrics
on M, and normalize the Einstein metrics such that the Ricci curvature
equal +3, —3, 0r 0. Let G(M) be the subspace of all normalized Einstein
metrics on A with the injective radius bounded from below by a fixed
constant i, >0 and diameter bounded from above by d. We are able to
show that G(M) is compact as a subset of the moduli space of Einstein
metrics in C*°-topology.

Theorem 1.1. The subset of normalized Einstein metrics with Ricci cur-
vature equal to three and with injectivity radius bounded from below on a
4-manifold M is compact in C*-topology.

Theorem 1.2. The subset of normalized Einstein metrics with Ricci cur-
vature equal to negative three or zero, with injectivity radius bounded from
below and diameter bounded from above on a 4-manifold M is compact
in C*-topology.

Remark 1.3. It seems that without the lower bound of the injectivity
radius, the results are false.

We briefly describe here the method used in this paper. For a sequence
of Einstein manifolds (A, ) with proper restrictions, by passing to a sub-
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sequence, we show that (M) converges to an Einstein manifold A " al-
most everywhere except a finite number of points; here M’ is an Einstein
manifold with a finite number of isolated singular points. We then prove
that the singular points can be removed, which, combined with the Gauss-
Bonnet formula for a 4-manifold, will imply the theorem. This idea was
first used by Sacks and Uhlenbeck [24]. We will combine this idea with
Gromov’s compactness theorem to prove the convergence of Einstein met-
rics. The technical key step is to prove that each singular point is isolated
and can be removed.

2. The proof

The remainder of this article contains the proofs of the preceding the-
orems, and it is organized in the following way. In §§3 and 4, we use the
equations satisfied by the curvature tensors of Einstein metrics to give the
local estimate, which shows that curvature tensor is bounded on the ball
with small L?-norm of curvature.

Next, we use the Gauss-Bonnet formula for a 4-manifold to show that
the curvature tensor can be only concentrated on finite number of points;
away from these points, the curvatures are uniformly bounded. We then
use the argument of [15] or [23] to prove that the Einstein manifolds
converge to an Einstein manifold M’ away from these points.

Then, by using the diameter estimate of a small geodesic sphere of [12],
we show that. M is diffeomorphic to M — {m;, -+, m,}, and that these
{m,} are isolated singular points of the metric on

Finally, by means of the Gauss-Bonnet formula and the results of §5
about the removable singularities, we first prove that the curvature tensors
of the Einstein manifolds are uniformly bounded, and then apply Gro-
mov’s compactness theorem to finish our proof.

§5 contains the key technical step. At first a study is given of the tan-
gent cone metric of M’ at each of these singular points {m,} by blowing
up at these points. Then we show that the tangent cone metric is a flat
Euclidean metric, and further that the curvature tensor of M’ is bounded
by integral estimates combined with iteration. These are used to prove
that the singular points of M’ can be removed.

3. Convergeﬁce of Einstein metrics and proof of Theorems 1.1 and 1.2

Let us fix the manifold M* and o = +1, —1, or 0, and define the set
of Riemannian metrics
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G(M) = {g|g a ¢®-metric on M such that R, (g)=30g

ij?
inj(M, g) >i,>0, and diam(M, g) <d },

where i, is a positive number. By Berger’s isoembolic inequality, we have
Vol(M, g) > c(i,) . From now on, we assume that the general constant ¢
will depend on i, and 4.

Theorem A. G(M) is compact in C™-topology.

We start with a pointwise estimate of the curvature tensor.

Lemma 3.1. For any g € G(M), there exists a ks = k(iy, d) > 0,
such that if

2
/ ,R,'jk[(g)l d'Ug < K5,
B(xy, p)

and p >0, then

sup |5[Rm(g)lSC(p,n,i0,d), I=0,1,--,5.
B(xy, (1-n)"p)

For the proof of this lemma, see Theorem 4.11 in the next section.

Using this lemma, we first prove a result on the weak convergence.

Proposition 3.2, Let {gk} CGM), k=1,2,---, be a sequence
in GM), M k= (M, gk)‘ Then there exists a subsequence of {gk} (by
renumbering but still using {gk}) and a sequence {r}, r,—0.

(a) For each |, we have open subsets F,(r,) C M k. and an open subset
D(r)c M.

(b) For each I, we have diffeomorphisms

FEr):Dr) = F(r)  (k>1), -

such that fk(r,)*gk converges to a C*-Einstein metric g(r,) on D(r)) in
C*-norm.

(c) F.(r) C F(r ).
(d) There is an &(r)), such that

N
k
Fu(r) U B (xf ., e(r)) = M",
=1

and &(r;)) — 0 when r, — 0 with N < c(iy, x(M)), where x(M) is the
Euler number of M .

We employ the covering argument of [24], and combine it with the
argument of [23] or [15].
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Proof. Let r < i,/100. Given a sequence {gk} in G(M), let Q(k)
be the maximum number of disjoint geodesic balls of radius r/3. By the
Gromov packing argument, since the diameter d(M , gk ) of (M, gk ) <
d,and Ric > —3, we have

(3.3) (k) < c(r).

By passing to a subsequence if necessary, we assume that Q(k)= Qe Z"
for all k.

We now fix k, and let {Bk(xi,r/3)}, i=1,---,Q, be a maxi-
mal family of disjoint geodesic balls of radius r/3. Then {Bk(xi , N},
i=1,-,0,isacovering of (M, g) = M*. Let h(k) be the max-

imal number such that any A(k) + 1 balls of {Bk (x;, r)} have empty
intersection. Let

{Bk('xia’r)}’ a=1""’h(k),.
be the balls of {B*(x,, r)} such that
B B (x, 1) £ 2.

Then B'(x, ,r) C Bk(xih, 3r), a=1,--,h. Since {B'(x, ,r/3)} are

disjoint geodesic balls, by the Bishop-Gromov volume estimate, we have
Vol(B*(x, , 3r) Vol(B*(x, , 5r

(3.4) h(k) = max ( z n : < max VY ) <ec.

@ Vol(B™(x; ,r/3)) @ Vol(B*(x; , r/3))

So the A(k) are uniformly bounded by ¢. We would like to apply the
estimates of Lemma 3.1 to each ball of {Bk(xi , )}, but the hypothesis
need not be met on all balls. However, we have an upper bound on the
number of balls on which it fails; by the Gauss-Bonnet formula of a 4-
dimensional Einstein manifold [5] we have

Q
B0 2 h [ Ry (60f dvy > > / o Ria(8OF d,
2 2
23 [ Rylgh)l dvg > Nk)xs,
i=1 B (x,- ,r)

where N(k) is the number of Bk(xi , r) for which

2
J o RO >
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Thus
(3.5) N(k) <c(iy, x(M), d),

which means that N(k) are uniformly bounded by a constant
c(d, iy, x(M)). By passing to a subsequence if necessary, we assume
that N(k) and A(k) are constant, i.e., Nk)=NeZ*, hky=heZ”*
forall k¥ and r < i,/100.

Remark. We will call a ball B (x;, r) abad ball for M, if

2

Otherwise, it is called a good ball.
Let Q' = 0 — N, and denote the good balls by

(B(x,, Yy,  i=1,2,---,0,
and the bad balls by
{Bk(xi’r)}’ l=Q,+1’ ’Q-
Let
4 k 14
Uk(r)=UB (x;, (L=m)""r)

i=1

for small # > 0. By Lemma 3.1, we have

(3.6) sup [9'R,,(gk)| <c(r), 1=0,1,---,5.
Uk(’)

Assuming (1 — n)14

(B (x,, (1-n)

is a covering of M, , so

> 1 — 145 = £55 , it follows that

14

r)}’ i=l""’Q’

Q
Unu |J B, n=mM

i=Q +1

We take 7 = min{r/300, i } = (,)r. Letting

1

Ql
V() =B ;. (L=m)"™ =),
j=1
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we have

Q
(3.7) UB e, (1 =m™ = n)r =M,

j=1
k
U B'(x;,r)=M
j=Q'+1

By taking even smaller balls in U, (r) to cover V(r), as in [23], for P(r)
large, there exist an open set D(r) D ‘VP(r)(r), subsets F,(r), and diffeo-
morphisms

£5): F(r) = D)
such that
V.(r) c F (r) Cc U.(r).

Then we have

Lemma 3.8. There exists a C™-Einstein metric g(r) on D(r) 2 VP( )( )
such that {(f k)*gk} (by passing to a subsequence if necessary) converges
to g(r) on D(r) in C*-norm.

Let r, = i;,/1000 and r, = r,/8000. By renumbering if necessary, we
assume that {Bk(x:"z, )}, i=1,-, Q'(rz), are good balls, and that
{B X 2, r/2)}, i= Q'(rz) +1,.--, Q(r,), are bad balls. Then we have

2 gk . ’
/Bk(x[2 )lRijkll d < Ks> f0r1=1,2,-~,Q(r2),

if2

2 Lk R i '
/Bku.z,,z)'Rffk" &>, fori=Qr)+1,-,0n),
and Q(ry) — Q'(r,) < c(iy, x(M)).
We recall that {Bk(x,., r)y, Lo=1,-- ,Q'(rl), are good balls,
{B(x.,r)}y, i=Q'(r)+1, -, Q(r,), are bad balls, and
Q(r|)

U BY(x,, (1-m'r) =M.

Lemma 3.9. V(r,) > U,(r,).
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Proof. We have

air)
V}((rz)u U B (x; 2>((1_’7) _ﬂl)r2)=M:
J=Q' (r)+1
Q)
Udrpu U B, 1=-n)"r)
J=Q'(r)+1
By the definition of bad balls, we have

Ur)nB (x . r) =2,  j=0'r)+1,-,01);

otherwise

I
N

B( 2,rz)ﬁB(xl,(l ) rl);ég

forsome i=1, - ,Q(rl),andthus
k, k k :
BYx[ ,, ) CB(x;,r), i<Q(r),

2,k 2,k
R.. | dv 5/ R |"dv <k,
/I;k(xf,zy"z)l z]kll Bk(x,.,rl)l l]kl| 5
which means that Bk(x]]f,2 s 1) Q'(rz) +1 < j < Q(r,), is a good ball.
Therefore, V,(r,) D U, (r,), and

B* (X} 5> B x,n), >0 r),

. /
for some i > Q'(r,)+1 1
By n}ductlop on [, we tgke Ml = g0l
By diagonalization (passing to a subsequence if necessary) and summa-
rization we have

F(re ) 2V (r, ) D E(r),

N
k, k
F (r)u U B (x; ;,e(r))=M
i=1

where ¢(r,) — 0 when r, — 0. This completes the proof of Proposition
3.2,

Next, we use these Einstein manifolds {D(r,)} to construct an Einstein
manifold M’ with isolated singularities.

Proposition 3.10. There exists an Einstein manifold M " such that each
D(r)) is an embedded submanifold of M " Wwith the induced metric g(r;) on
D(r)). Weidentify D(r,) with its embedded image, and let g’ be the metric
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on M'. Then for each |, there are diffeomorphisms f k(rl): F.(r) —

D(r)) C M for k> P(r,) such that fk(rl)*glk — g'ID(rI) in C*-norm.
Proof. By 3.2 there exist a subsequence of {gk} (by renumbering if

necessary), still called {gk} , and open subsets F, (r;) C M k , D(r)c M,

such that r, — 0, D(r;) and F, (r,) are compact, and F,(r,) C F(r,,).

We also have diffeomorphisms f*(r,) = D(r,) — F,(r,) for k > P(r)
such that

k « ko
(f"(r)'g" > g(r) onD(r)
for a C*-Einstein metric g(r;) on D(r,).
First we will define an isometric embedding

1,: (D(ry), g(r))) = (D(rp,y), &(ri,y))-
In fact, by the construction of the F, (r;)’s we have
F (r) c U (r) C V(1)) € F (1),
UE) C F(rLy)s

Fl
where U;l(Fk(rl)) is compact, and dk(Fk(r,)), M~F(r,)2T7.
Since fk(rl)*gk converges to g(r,) on D(r;) in C*-norm for each l,
for any given & > 0 if k is sufficiently large, we have for the C 0-norms,
k * k
|f (rl) 4 _g(rl)"f"(rl)"g" <eg,
k * k
I/ (r1+1) g _g(r1+1)|f’<(r[)*g’< <e,
which clearly imply
k —1 % k
() ) glr) -8 | <e,
k -1
I(f " (rsy)

Therefore, we have

50D ) = () ™) 8l < 2,

* k
) g(r,) — &', <e.

and hence
k — k *
S )™ o FE ) &) — 8y < 2,
which shows that

kli.rglo(fk(rm)_l ofk(rz))*g(r,z+1) =8(n).
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Let
k k - k
1“(r) = £ (r,, )" o £5(7): D(ry) = D(r,)).
We consider (D(r), g(r;)) and (D(r,,,), &(r;,,)) as metric spaces with

induced metrics dk(l) and dk(r1+l) on D(r,) and D(r,,). For k large,

we have

k

d“(r, VI (r)(x), I (r) ) < 2d*(D)(x, ).

Note that @*(I*(r,)(D(r,)), M—=D(r,,,)) > r, implies that I*(r,)(D(r,))
C D(r,,,), and that Ik(rl)(D(r,)) is precompact in D(r,,,). By the Ascoli

theorem [21], It (r;) (by passing to a subsequence if necessary) converges
to a continuous map I, on D(r;), and I, is a Lipschitz map. Since

- k *
kll»ngol (r[) g(r1+1) = g(’/),
this implies that

1;:(D(r), d(r))) = (D(r,,), d(r,,))

is an isometry of metric spaces on small convex geodesic balls of (D(r)),
g(r;)) . Thus it follows that

I[: (D(r[), g(r[)) - (D(r[+1), g(r1+1))

is a C*-isometry of a Riemannian manifold [20], i.e., I/ g(r,,,) = g(r;).

We now can construct the Riemannian manifold (M, g’). We define
M’ to be the direct limit of {D(r): I,: D(r)) = D(r,,), I =1,2,-}.
Letting

Y =10, D(r)),

we identify the point x,y in Y if y = I /(x) for some /. The quotient
space is defined to be A’'. Then M’ is a 4-manifold, and each D(r)) is
an open submanifold of M’ with the embedding J, = D(r,)) = Y — M’.
We define the Riemannian metric g’ on M’ by g’|D(r[) = g(r;), and g
. . * k
is well defined since I, g (r,, ) = g(r) -

Summarizing, for each / there are diffeomorphisms f k(r,): D(r)) —
F,(r)c M* , such that

k * k¢
S (r) g i’gllp(rl) OnD(rI)CM/,

which implies that g’ is a weak ¢*-limit of gk on M . Hence the proof
of Proposition 3.10 is complete.

Next we will study the topology of M’ . First let us recall Theorem: 2.30
from [13] (see 4.14 in the next section).
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Theorem 3.11. Let (M, g) be a complete Riemannian manifold with
inj(M, g) > i, > 0 and Ric(g) > —(n — 1)g. Then the diameter of the
small geodesic sphere S (x) = {y € M|d(x,y) =r} for x € M and
r < iy/4 satisfies:

diam(S, (x)) < ¢(n, iy)r,

where the constant c(n, i) depends only on n and i,.

Remark. In 3.11 we consider S,(x) as a submanifold of (M, g) with
induced Riemannian metric; the diameter is with respect to the induced
distance of this induced Riemannian metric.

We now have

N
F(ryulJ B(m;, e(r)) = M.
j=1

From 3.11, we note that the injectivity radius of M * is bounded from
below by i, > 0 for r, small, and that each B(mj, €(r;)) is contained in
a diffeomorphism geodesic ball. These clearly imply the following theorem.

Theorem 3.12. M’ is diffeomorphic to M — {v, vy, v} for
a finite number of points {v ,v,, -+, v} in M, and each v, is an
isolated singularity of the metric g .

In the next section we will prove

Theorem 3.13.  Each singularity v; of g’ can be removed, and g' can
be extended to a C™-Einstein metric § on M .

Proof of Theorem A. Let gk € G(M). We may assume that {gk}
converges weakly in ¢>-norm to a C™-Einstein metric g on M’ = M —
v, Us+1} as in 3.10. Using Theorem 3.13, g’ can be extended to
an Einstein metric ¢ on M . Using formulas

1 2 1 '
M)=— | |R(g)dg=— | |R(g) dg,
100 = — [ RGP de=— | IR@)Ide

1 k2 , k
x(M)=W/MIR(g Pdg*,

we obtain
oo
U D(r[) = M',
=1
which implies
(3.14) lim IR(g)|*dg = 0.
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Recalling from above, we have

el ek 199
U (r)u U B <xj,1, 2—00r1> =M,
J=Q'(r)+1

and Fk(rl) cUJr)cC Fk(r,H) C Uy (r,,,). From the proof of Lemma
3.9 it also follows that

Q(r/-H) '
k, k
(3.15) Udrpn  |J B 1) =2
j:Q,(r/.H)"'l

Taking /; large, such that if / > /,, we have
2 1
(3.16) / [R(g)|"dg < 3Ks-
M—D(r,)

On the other hand, since f k(r,)*( gk) converges to g| D(r) in C*-norm for
each /, there is a large k, > 0, such that if k >k, then

(3.17) < lKS.

2

[ R@Pdg~ [ i) (REH dgh
D(ry ) D(r,)

(3.16) and (3.17) imply

[ RGP =sxon- [ RGP gt
M-F (r,o) F (r,u)

=sxy - [ 50 (RGP dg)
D7)

1
< 87° (M) —/ IR(g)|*dg + 35
Dry)

2 1
5/ IR(g)| dg+§1c5<1c5.
M-D(r,)
Combining this with (3.15) yields
k2 , k .
I R(§Idg <xs  j=Qr)+1, -, 00),
B"(va,l ”/,) : :

where [, =, + 1. This clearly implies that for g there are no bad balls
and U (r,) = M for k > k,; 3.1 gives us

sup 0"R(EDIS Clyigu 2(M), P =01, 5.
&y
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We then obtain
S‘ﬁllplapR(g")ISC(r,l,d,ig,X(M)), p=0,1,---,5.

Using the Gromov convergence theorem [15] we may assume that {Gk}
(passing to a subsequence if necessary) converges to an Einstein metric
geG(M) in C*-norm. The standard elliptic theory then implies that the
convergence is in C™-norm. As a consequence of the proof, we have the
following,.

Corollary 3.18. There exists a constant c(iy, x(M), d) > O such that
forall g e GIM),

sup IR(g)| < C(iy, x(M), d).

4. The equation of an Einstein metric and local estimates of curvature

We will use the old-fashioned index notation for tensors as in [17). We
consider an Einstein metric g; ; on a compact 4-manifold M, i.e.,

| R[_j=3g'gij, g=+1,-1, orQ.
We define
2
ARI.]. =g 8p8qRijk,.
We need a formula for AR, ki - To this end, we consider the tensors
pr_gs
B =8 & R, iRy

asin [17].

We have the following.

Lemma 4.1 [16, Lemma 7.2]. For any metric g, i the curvature tensor

R, satisfies the identity

AR,y +2(B;j = By — By + By ip)

= 9,0, R, — 0,0,R; — 0,0, R, +0,0R, + g (R, R+ Ry R ).

pikl ipkl”*qj
If 8 i§ an Einstein metric, we have 8kR,.j. = 309, 8; = 0. This gives
the following.
Lemma 4.2.  For an Einstein metric g,., the curvature tensor R, ., sat-
isfies the equation

AR+ 2By — By — By jye + By ) = 6R 4
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As a corollary we have
Corollary 4.3. There is a constant ¢ > 0 such that
3 2 3 2
—CIR I+ ORI S{AR s Ryjye)) S €lR [ + 6IR, 1 17

By differentiating the equation in 3.2, and using Ricci identity, we easily
obtain the following lemma.

Lemma 4.4. There is a constant ¢ > 0 such that

|AG,R; j5))| < CIO,R, | IR i/ + 610, R .

In this section, following [28], we will derive the local curvature esti-
mate. Let V(M) be the volume of the Riemannian (M, g), and d(M) be
the diameter of (M, g). Throughout this section ¢ will denote a general
constant depending only on the lower bound V' of V(M) and the upper
bound 4 of d(M), and ¢(x, y) the general constant which depends only
on V,d,and x, vy, etc. _

Theorem 4.5. If the Ricci curvature Ric(g) > —3 for a Riemannian
metric g on the 4-manifold M* | then forany f e HIZ(M),

1715 < ¢, (19 A13 + 1712)-

Theorem 4.6. If the Ricci curvature Ric(g) > —3 for a Riemannian
metric g on the 4-manifold M*, then for any f € Hf(M), 1<g<4,
we have the Sobolev inequality

1A, < UV A, + 11,
where 1/p=1/qg—1/4.
Let du be the volume element of g; then V(M) = f, du. Since M
is a 4-manifold with Einstein metric g, i.e., R, = 3(7g1-j, we have the
following formula for the Euler characteristics [5];

1 2 1 2
x(M) = 87/M trR du, = W/M IR, ;| du, > 0.

Let B(x,, p) ={x € M|d(x, x,) <p} be the geodesic ball in M with
center x, € M and radius 0 < p < #/2.
Lemmad.7. Let f € CZ(B(xO, p)) and —Af <bf+A4, f>0,b>0,
for a constant A> 0. Forany n> 0, if
1

brdu< —,
/B(.\'O .P) 4c?

1
then there is a constant

C(A,p,n,/ fzdu)>0
B(x,.p)
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such that

sup f<c A,p,n,/ fldu).
B(xy,(1-m)p) B(xy, p)

Proof. The standard Moser iteration easily yields 4.7 [28].

In the following, the constants «,, k,, --- depend only on the lower
bound V' of V (M), and the upper bound 4 of d(M).

Theorem 4.8. Let x; > 0 be small. Then for any 0 <n <1, there is
a constant c(p, n), such that if

2
/ 'Rijkll dp <k,
B(x,,p)

then

2
~sup IR,-,-k,ISC(p, 77,/ 1R du).
Blx,. (1-1’p) B(x; , p)

Proof. From Corollary 4.3, taking f = |Rl. jk,| , We have

0

R, R)+|VR]> (VR, R)
Af=< )fl I~ | f3>2_

Taking b =(c+2)f and 4 =0 gives

1
/ Brdu< .
B(x,,p) 4C1

For small x,, 4.8 follows easily from 4.7.
Theorem 4.9. Let x, > 0 be small. Then forany 0 <5 <1 and

/B:(x

0

(cfY)=6f>—(c+2)f".

2
) ,Rijkgl du < Ky,

we have
Z IapRijkll <c(p,n)-
Blxy, (1-m)*p)
Progf. This easily follows from 4.4 and 4.7.
Lemma 4.10. For each positive integer m > 1, there is an absolute
constant A,, such that

I<m-—1

2
|A@"R)| < 4,, (}: |a’R;) +10"R||R|| .

Proof. Using the equation for AR, Gkl taking covariant derivative m
times, and using Ricci identities, by Lemma 3.1 it is clear that such a
constant A4, exists.
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Theorem 4.11. Let x,, > 0 be small, m =3,4,-... Then for 0 <
n<land p>0,
/;(x

0

2
)|Rijk1| dp <K,
p

implies that
(4.12) sup [0"R|<C(m,p,n), m=0,1,2 ...
B(x,,(1-n)""p)

Proof. We prove this theorem by induction. Theorems 4.8 and 4.9
imply that (4.11) is true for m =0 and m = 1. Assuming that Theorem
4.11 is true for m, by Lemma 4.10 we have

(A(@™'R), 8™'R

Aam-HR >
I ' |am+1R|
2
> A, [ SS10'RI] + 10" RIIRI| .
I<m

The induction assumption then gives us

(4.13) A@™'R|> -4, Clp,n, m)—A,. |R0""R|

2
on B(xy, (1-n)"p).
Taking b= 4, IR, f=[0"""R|, A=4,,,C, and using Lemma 4.7,
we obtain
sup fSC(p,n,m,/ fzdu)-
B(xy, (1=n)*™*2p) B(xy, (1=n)""*" p)

Taking a function u on B(x,, (1 — 11)2'",0) such that ¥ = 1 on

B(xy, (1 — m*'p), suppu < B(x,, (1 — 1)*"p), and |Vyl
< 2/n(1—n)*"p, we have

[ P dy = — / WAO™R), 8" Ry d
B(xy,(1-1)*"p) B(x,,(1-1)""p)

_2 / uVu - (V("R), "Ry du.
B(xy, (1=7)*" p)
Using (4.10) and the induction assumption then implies

2 2
/u ffdu<cim,p, n)+6(m,p,r1)/ _ u[V@"R)|du
Blxy, (1=)™"p)

1
<c(m, p, n)+§/u2f2du+C(m, Py,
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where the last inequality is obtained by applying the Cauchy inequality
2ab < da* + albz . From the above formula it follows that

2 2 2
[ Fdus [@Fduscom, o),
B(xy, (1=n)""* p)

which thus implies Theorem 4.11.

Now for the sake of the reader, we will sketch the proof of Theorem
3.11.

Theorem 4.14. For H > 0 and iy > 0 there exists a constant ¢ =
c(H, iy, n) > 0 such that for any n-dimensional Riemannian manifold
(M, g) with Ric(g) > —H, inj(M, g) > i, >0 and r < }i,, we have

diam(S,(x,)) < cr, X, € M.

Proof. For r < %io , we may rescale the metric g = g/r2 . Since for this
new metric ¥ we have Ric(Z) > —r’H > —(%io)zH and inj(M, g) > 2,
we need only to show

(a) diam(S,(x,)) < c(H, iy, n) for this new metric. So we may assume
that i, >2.

To this end, we use a geodesic polar coordinate {r, x! R x"_l} on
B,(x,) to obtain

g=dr + Z g;(x, 1) dx'dx’.
Then the Ricci curvature is given by

ij ki 0 7] 8° 1

8’ 1 2
= ——1 — = — g, —g =——] - =
R,, o7’ n/g 4Zg 4 arg’kargﬂ Py nyg Y

9
(9rgif ¢

Using the cut-off function, integrating by parts, and noting that

2 2

1o}
95 <m-1lZLyg.
‘arlng < (n 1) argu . >
we easily obtain, for p < 3,
p 5 2 )
L r EgijgdrSC(H,lo,n)p

which readily gives

(b)

—cry/r, cryfr,

g(x,r)<g;x,n)<e
(for details see §I of [13]).

8;(x,r)



EINSTEIN METRICS 171

Now for any sequence of Riemannian manifolds (Af;, g;) with Ric(g))
> —H and inj(g,) > 2, we fix x, € M, and consider the ball B,(x;) C M,
with the extrinsic distance. Then there exists a compact metric space Z
[15], such that B,(x,;) is isometrically embedded in Z . By passing to a
subsequence if necessary, we can assume that x;, — x, € Z, and {B,(x,)}
converges to S;Y(xo) C X in Haussdorff distance of Z. Since X is a
length space and S;Y(xo) is connected, for any two points y, z € S{Y(xo) ,
there is a sequence of points Vi J=0,1,---,m, such that y, =y,
Ym=2,and d(y;,¥,,,) < 1. Now for ¥, 2 € S,(x,) such that

diam(S,(x)) = inf {L(r): 7(0) =", »(1) =2,

yCS, (x
we may assume that
i ! X
y -y, z —z, Y,z €8] (xy)- .
If there exist .
. X
J’j, J=051,"'>ms d(yj,yj+1)<'15;, yjesl (XO)’
then there is a sequence of points
{yj5 j=0515"'5m}5 l=051525"'5
such that {yj, j=0,1,---,m}CS(x,) and yé—»yj as [ — oo. For /

j, y§+l) < 4 ; We can connect yj. and y§+1
in M, . This implies that for / large we can connect y’ and z' by broken
geodesics with total length < %m. Clearly, for each [, this curve lies in
B3/2(x,)—B1/2(x,) and we can radially project this curve to S,(x,;) . By (b),
the length of the projection curve is bounded by ¢(H, i, n) - %m. This
can apply to any subsequence of the sequence of manifolds, and proves
(a) (see III of [13]).

large, d{(y by a minimal geodesic

5. The curvature estimates and removability
of singularities of the metric g’

In this section, we will prove that the singular points of the Einstein
metric g' can be removed, and that g’ can be extended to an Einstein
metric on a compact manifold M .

To start, let M, be obtained from M' by adding {vy, -+, v} to
M’ with the topology induced by the distance function d of g’ on M'.
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Clearly, d can be extended to M, ,and M, —{v,, - - , v} isisometric
to M’ with Riemannian metric g’.

Letusfix v =v,, 1 <i <s+1,andlet r be the distance function from
v, 1e., r(x) =d(x,v) for x € M. We take N to be a neighborhood
of v in M| such that Nn{v,, -+ ,v_,} = v. We may assume that
N D> B(v, 2py) = {x € M||r(x) < 2p,} for some p, > 0. Let F be the
curvature tensor for the metric g’, and let R define a symmetric operator
AZ(M " — A’ (M) on the space of two-forms. We take N small such that
N is orientable. (In fact, we may assume that N is simply connected.)
The Hodge star operator x: A? — A? satisfies «* = +1, and the bundle
A’ splits into a direct sum

s+1

AN =N oA

Here Ai , Az_ are called the bundles of self-dual and anti-self-duai 2-forms
respectively.,
For the Riemannian metric g’ on N, we consider the bundle Ai {(or

A’ with the induced Riemannian connection D , (or D_). The Rieman-
nian curvature tensor F: A* — A? is given by
R(e;ANe;) =1 ZR,.jklek Aey,
where {e;} is a local orthonormal basis of /-forms. We can write R as a
block matrix relative to the decomposition A= Ai oA :
A B
r=|5 ¢
where B € Hom(AZ, A}), and 4 € EndA’ and ¢ € EndA? are self-
adjoint. For the Einstein metric g', B = 0. The curvature Q , (resp.
Q_) is self-dual (resp. anti-self-dual), and |R|2 = |Q+l2 + |Q_|2 [2].

Letus fix F = Q_ (or Q_) and f = |F|. We have a Weitzenbock
formula for self-dual (or anti-self-dual) 2-forms [11]

* * +
2D.D =V V=-2W ()+s/3+[P.F, ],

where P_ is the projection onto self-dual 2-forms, V is the induced con-

nection on 7°N ® Ai ,and W and s are the Weyl tensor and scalar
curvature of the metric g’. Applying this Weitzenbdck formula to F and

using D} F =0, we have

(5.1) AF =s/3.F —2W"(F)+[P F, Fl.
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Noting that |W™*| < |4| = |F| and |P_F| < |F|, this implies that for an
absolute constant ¢ > 0,

(5.2) Af>5f—cf.

The following proposition gives the basic estimate of the curvature F
on N. .

Proposition 5.3. We have [ < e(r) /r2 where &(r) is a decreasing func-
tion and lim _ ,&(r)=0.

Proof. For each small p > 0, we define the metric g = g’/ ,02 . Since
the Yang-Mills equations and the L* norm of the curvature F of the
fixed connection D_ are conformally invariant, we have f=|F |§ = ,02 f.
We fix the point x;, € N such that r(x;) = p. From the above sections,
g’ is the weak limit. Since

1 2 4 1/ 2, | S /' Ky 2
— dv < — R|"dv < — lim R(gH| dv, = (M),
[ fav < — [RPa < — lim [ RGO dv, = x0)
we have
| 7z <snyon).
N

We now observe the uniform Sobolev inequality for the manifold M
in G(M). For (M, g) € G(M) and ¢ € H (M),

</M ¢4dg) " <c [/M Vol dg + /M ¢2dg] .

By taking limits, Proposition 3.10 then implies that for any ¢ € HIZ(N )
with compact support in N

( / ¢“dg’)l/25c<io> [ [ vortag + [ ¢2dg’].

Taking p small, p < 1, we obtain the following Sobolev inequality on
N:

1/2
(5.4) ( / ¢“dtf) <cliy) [ [Tor'dg+ [ ¢ dz.
N N N
By taking N small, we have

2 2
[ 1piaz= [ 1P

small. Using (5.2) for the metric g and noting that the scalar curvature
5 of g satisfies § > —12, by (5.4) and Moser iteration (see §4), we easily
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obtain

172
(5.5) sup ?so(fo,d>(/ |F|§d§) ,
By(xy.3/4)

Bxy.1/2)

which clearly implies (5.3).

Now, for p > 0 small, since inj(gk) > i, > 0, a result of Croke [9]
implies that Vol(ng(x 3 p)) > cp4 for a constant ¢ independent of p.
By taking limits, we have

, 4
Vol(B,(x, 37(x))) 2 cr(x)",
and for p =r(x;), x, € N, and p small, we obtain
Vol(Bx(xy, 7)) > c.

Using (5.3), we have the bound for the curvature tensor of g on Bg(x0 , %) ,
|R,,(£)] < c; these and a local injectivity radius estimate easily give the
following theorem.

Theorem 5.6. Let inj(v) denote the injectivity radius of M' at v.
Then inj(v) > cr(v) for a constant ¢ independent of r(v).

Let

A(p,p) = Bp('u) ——Bﬁ{v} ={xeM,p<rix)<2p};
here A(p, p) is an open subset of M'. We consider A(p, p) as a Rie-
mannian manifold with metric g’. Let %A(p, P) be the Riemannian

manifold A{(p, p) with metric g/ p2 . For any fixed large number K, by
Proposition 5.3 we have

2 2e(2p) 2 2 1 p
(5.7) |Rp| = p"|R| < —=—5 - p" <2K"e(2p) on—4(p, =),
(p/K)* »( %)

where R, denotes the curvature tensor of the metric g/ pz. Let x, €
;A(p, 0), such that r(x,) = p. Then {(;4(p,0), x,)} is a family of
Einstein manifolds, and for fixed K, |R)| converges to 0 uniformly when
p—0 on %A(p, p/K) . We now are ready to prove

Theorem 5.8. (%A(p, 0), x,) converges to (D4 —{0}, &) weakly in ¢!
topology, where D* = {w € R*, |w| < 2} is the Euclidean ball of radius
2.

Proof. The proof is similar to that of Theorem 3.1. For fixed K, we
show that (%A(p , p/K), xp) converges to a flat manifold D(1/K).

Using (5.6) and (5.7), as in the proof of Proposition 3.2, a subsequence
of (%A(p, p/K), x,) converges to a flat manifold D(1/K).
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In order to show that
4
(L4(p,0), x,) S D* - {0},

we need only show that for each subsequence

1
{p—kAmk, 0, x,,k}

of {;4(p,0), x,}, there exists a subsequence of

()

which converges to D* — {0} in ¢!t topology.
For such a subsequence, the Einstein manifold

(20

has a subsequence which converges to a flat manifold (D(%), ps). By
diagonalization (passing to a subsequence if necessary), we may assume
that for each positive integer K, we have

1 Pk Cy ‘ 4 1
(L)) = (7 () ).

1 & weakly 4
S-A(p, 0), 3, ) 2 (0'0), o)

This implies

where D*(0) = U, D4(%), and clearly (D4(%), e, ) is isometrically em-

bedded in
4 1
(D <K—+1) ! eK+1)

as a submanifold._It is easy to see by ﬂ that D4(0) has a one-point
compactification D*, such that D4_= m U {0} and that the distance
function d on D*(0) extends to D*. D*0) is a flat Riemannian mani-
fold; we claim that D* is isometric to the standard Euclidean ball {we

, jw| €2}, In fact, if D*(0) is simply connected, then it is not difficult
to prove that, usmg a holonomy argument, we can isometrically embed

D4(0) into R*. We can extend the flat metric smoothly on D4 and D*
is the standard Euclidean ball of radius 2 in R*. If A(p, p) is simply

connected, then D4(%) is simply connected, which implies that D4(0) is
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simply connected, so in order to finish the proof of Theorem 5.8, we only
need to prove the following lemma.

Lemma 5.9. A(p, p) is simply connected for small 0 <p < p.

Proof.  Let o be aclosed curve in A(p, P). Since « is compact, there
exists # > 0 such that p + 75 < r| < p—n. Using Theorem 3.11, we
take r, small such that 4(p,p) C D(r,). Note that fk(r,)"gk — g’ in

¢ topology. Let
A0, 9) = )" (A, D))

Then 4,(p, p) C F(r;). From 3.2, 3.10 and 3.11, it is easily seen that
for / and k sufficiently large, and J small, we have

— k k k k .
Ak(p -n,Pp+n)C Bp_,,+,5(m1 )~ aBm_,,_,s(m[) c Ak(pa p),

for m;‘ € M*, thus o can be contracted to a point in A(p, p). This
completes the proofs of Lemma 5.9 and Theorem 5.8.

We deform the metric g’ conformally to the metric g = g’ /r2 on N.
By the conformal invariance of the Yang-Mills equation and L*-norm of
the curvature F of the fixed connection D_, for f =1|F| = rf, we
obtain the Sobolev inequality for the metric & on N:

</N¢4dg)1/2SCUNWMzdg_F/N(ﬁzdg] |

here ¢ has compact support in N . ,

Let 7 = —logr be the distance function of & to the point v. We are
now ready to give the decay estimate of f .

Theorem 5.10. There exist a constant ¢ >0, and 6 > 0, such that for
7, large, we have

fx) < Cf(‘co)e_g(r_r‘]) Jor 1> 1.

Remark. Theorem 5.10 implies that f(r) < c/rz_g.

Proof. Let h*: D* — R be the square of the distance function on
D* at the origin, i.e., hz(w) = |w*, w € D*. Wetake T > 10 large
and fix it, and set K = ¢*’ . By using Theorem 5.8, there are dif-
feomorphisms ¥, from (14(3p, p/2K), x,) into (D*, e) such that
(‘P;l)*(g'/ pz) converges to the flat Euclidean metric ds® on D*, and
for S(p) ={y e M, r(y) = p}, ‘Pp(%S(p)) converges to the standard

sphere S;(1) = {w € D*, |lw| = 1} of radius 1 in D*. This implies that
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for a small p, >0, if p < p,, we have
2 2
(1-8)5 <) < (1+6) 5
p
for small 6 >0 on 14(1p, p/2K), and

p
1+ {1 5 2
(%" (;g)—ds

Let A , and A, be the Laplacians on %A(p, 0) and D* respectively.
Taking § small, then A0h2 =8 on D* implies that Ap(‘Pp)*(hz) > 71,
and that |V, (¥,) k" < 1+ % . Let

2 * 42 o 3 =

Let § » be the scalar curvature of the metric gp . Then we have
5,= (64,8 " +12p* -5, 1)S
2 2 2.2
=3A,(5,) —18|V,S,|" + 12p 5,24

Lemma 5.11. Let
=2
F(rl,12)=/ S
T, <1<t

Then for 6 small and T large, we have
F(ty,1,) <2010 p 1)

A

< 0.

Cl

4 - /=
+ (7+2e“' 2 2‘“‘”) F(1,, 1,+ T(1 +38)),

where
IT(1-8)+1,< 1, <t,+T(1+d)<1,=1,+T(1-9).

Proof. We take 7, > 7, = —logp,, and a function ¢,: (o0, 00) —
[0, 1] such that ¢, =1 on [t+¢&, T+1], ¢, =0 on (~o0, 00)—[1, 2T +
7], and that ¢, is linearon [7, 7+¢] and [T + 7, 2T +7]. Then d); =%
on [t,7+¢],and ¢, = —F on [T+7,2T +1]. Let u, = §,(r, + 1),

where r_is the distance function from %S (p) of the metric g, Then
|V puslz < |<f>;.|2 . Using Proposition 5.3, and taking p, small, we have

2
b 2 &2 2 r
f=0'Sif <P’ 1+6)5

p
<(1+d8)f< on A ép LY, forp<p,
- ~ 3c 477 2K )’ 0
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Applying the Weitzenbock formula (5.2) yields

ST Y R S A

where A ) is the Laplacian of the metric g,. Using this inequality and
integrating by parts, we derive

/uprfpf < _/uiﬁpfp ‘fp - 2/ (Vpue ’ fop)fp
< —/uff;—Z/us(?pua, ?pfp)fp.
Applying the Cauchy inequality to the last term on the right, we obtain
/uijfplz-}-/uff;S %/uilﬁpﬁ|2+2/|6pu8|f;.
Hence, 5 5 '
2 R % P
/ugf” = E/(;Srpﬁafb+ T TSrﬂSZTfp.

Letting ¢ - 0, and E(¢) = [, uéfz , we have
- P

d 2 )
Ets—Z—Et+—/ , t<T.
0 dt © T T<r<2Tfp

Solving the differential inequality gives
(+) E(t) < E(0)e™* + 2 / 7.
T Jrr,<or™

On the other hand, (1 - 5) < p S < (1+ 6) implies that
(1+6)” gSgps(l—J) go %A(%p %p ). We also have

I -1, q -1,
P‘(l—&) and gy ST,
where 7, = —logp = 7(p). Combining these with (x) yields

=2
~/(l +oN<t—1p<T(1-9)

< / Fi<EQ@
tSrFST
=2

< e"”/ i+
<1<t +2T(1+49)

p="="7

72

el

/(1—5)Tsr—rﬂ52(1+5)r
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22
for 0<t<T. Let F(1, 1,) =fq§r§r2f . Thus

F(t,, ;) < "G/

F(t,,7,+T(1+306))
+%F(‘c2,‘c2+T(1+3d)),
where

T, <1 <1, +(1+0)T<1,=7,+T(1-9).

By taking J small and T large such that e (!79/(*9T/2 o 1, when
T, 27,+3(1 - 8)T, we have
—(t,~1,)/2(1+8 1
F(t,,1,)<e )20+ )F(rp, 7))+ -2-F(‘r1 , T,)

+e TP 1+ T(1 +36))
2
+ TF(‘L'z, T, + T(1 + 39)),
which clearly implies Lemma 5.11.

We are now ready to finish the proof of Theorem 5.10. Since Lemma

5.11 is true for all 7 P >1 p,» WE will use Lemma 5.11 to iterate. To start,

taking 7, = 7, + ;(1 — )7 in Lemma 5.11, we have

F(t,+3(1-0)T, 1, +(1-6)T)
< 2" E 1+ 1(1-6)T)
+eF(t,+(1-0)T, 7, +3T(1+29)),

where & = 4/T+2¢~ (1 ~9/41+T e take ¢ small such that 2(1+26) <
2(1 — §), which implies that

F<1p+%(1—5)T,r +(1—5)T)

5T 1
(5.12) < 2e F(‘cp,‘cp+§(1—5)T>
1-46
_ _ <
+eF(r,+(1-0)T,7,+2(1 NT), 5_4(1_“5).
Hence we set T, =71,+ 21-6)T, m=0,1,2,---, so that by
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inequality (5.12) we have
F(t )=F(1pm+%(1—5)T,rpm+(1—5)T)
<27°"F(x, .1, +4(1-0)T)
+8F(‘L'pm +(1-90)T, T, +2(1-9)T)

).

T
/7,,,+1 ? pm+2

<2eTF(t, ,1, )+eF(z,

E] E]
Pm P +2 Pinta

Summing up from m to infinity leads to the inequality

—8T
F(rpm+l , 00) < (2e )F(rpm , 00) + 28F(‘L'pm+2, 00)
<(2e7)F(z, , 00)+2eF(z, , 00).
For T large and § small, we may assume that 2¢ < % , and 4e70712 < %,
so that we have
F(z, ,o00)<(4e)F(z, ,o0)
513 < (e—JT/Z)F(‘L'p 00 < (e—JT/Z)m+1F(Tp, 00)
< e—é(m+1)T/2F(Tp’ 00)

e o TR (r o),

IA

By noting that 7, > 7 p, 18 arbitrary, inequality (5.13) and (5.5) clearly
imply Theorem 5.10.

We are now ready to prove the main theorem of this section.

Theorem 5.14. The norm |R| of the curvature tensor R of the metric
g’ is bounded.

We start with the following lemma.

Lemma 5.15. There exists p > 2, such that, for small ry, >0,

/ IRP dg’ <c.
B_(v)

0

Proof. By Theorem 5.8,
1S =1{reN,ry)=r}cN

converges to the standard sphere S4(1) of radius 1 in R*. In the Hausdorff
metric, we take 7, small such that we have the estimates of Hausdorff
measure of 1S(r) for r < ry[F]:

H(1s(r) <20 (5* (1)) =wow, - 4 = 80,
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which implies
H(S(r)) < 8w,

Hence, taking 2 < p < 4/(2 —J), by Theorem 5.10, we have

g 14
/ IRI" dg' S/ (%) dg’
B_(v) B () \ r
0 0
r, —
5/0 / € _dw drgcr(r)_z”ép,
0 S(r) p20=9,

which completes the proof of Lemma 5.15.

Now Theorem 5.14 follows from A|R| > —c|R|2 and a method of Serrin
[24] by iteration.

We have shown that the curvature of M’ is bounded and that M’ is
a weak limit of M, with inj(M,) > i; > 0. We now prove that the
exponential map of A/, at v can be defined.

Lemma 5.16. The exponential map of M| at v can be defined, and it
is a homeomorphism between a small Euclidean ball and a small geodesic
ball of M| at v.

Proof. All we need to show is that for two different geodesic segments
y and y, of M, from v, i.., for y(1)—y,(1)=v, y(¢), 7,(t) C M' for
0<t<1,and |7]| <i,/100, [|y,|l < i,/100, we have y(0) # »,(0).

Suppose that y(0) = y,(0). First, for each ¢ <1, y|[0, ] and y,|[0, ]
are limits of sequences of segments () and (B,), where o, B, C M,
and ¢, (0) = B,(0). This follows from the fact that A, — M’ weakly in

C?-norm. For k large, @, and g, will be contained in the geodesic ball of
M, with curvature bounded independent of k. The Rauch comparison
theorem then implies that d(a,(f), B,(¢)) > C > 0 for ¢t > 1/2, and
therefore that d(y(¢), y,(¢)) > C > 0; this contradicts that y(1) = y,(1).

Clearly, the same argument also implies

Lemma 5.17. Forany x € M,—{v} and r(x) < i;/2, we have inj(x) >
r{x).

The following theorem is a special case of the removable singularity
theorem of Smith and Yang [26].

Theorem 5.18. If M is a Riemannian manifold with isolated singular
point v, and M' = M — {v}, such that

(a) the exponential map of M at v is defined and is a homomeorphism
between a small Euclidean ball and a small geodesic ball of M at v,

(d) (1/p)A(p, 0) converges weakly to D" — (0) in C%-norm,

(c) the curvature of M is bounded, and
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(d) inj(x) > r(x) for x € M’ and r(x) small,
then there exists a harmonic coordinate on M’ around v such that in this
coordinate system, the metrics g of M’ can be extended toa C L2 metric
g on M.

Proof. 1In our case, it is easily seen that we still can define the almost
linear coordinate of A at v as in [19], and the estimates of the almost
linear coordinate still hold, so we can use the almost linear coordinate to
define a harmonic coordinate. Note that all the estimates of [19] can be
done away from the point v. We have

1 r—1
g lcre+lg g <c

in the harmonic coordinate, and g’ can be extended toa C e metric g
on M.

Theorem 5.19. The Einstein metric g on M’ can extend to a smooth
Einstein metric g on M.

Proof. Using 5.17, there exists a harmonic coordinate neighborhood
N of v, with harmonic coordinate (xi) on N, such that g’ is C"** on
(N —(v)) sothat g’ can be extended toa C Lo metric g on N. We then
have B o N

Agu =2 Z grsgpqr;rr;s + 2a.glJ
in the weak sense on N. The regularity theory of the elliptic equation
then implies that g/ is smooth on N, and that g is Einstein on N.
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